Using multiple control surfaces to actively suppress nonlinear transonic aeroelastic responses is a promising technology. A general method for designing a multiple-input multiple-output (MIMO) active aeroelastic control law is proposed. The Volterra series is applied to construct a high-fidelity reduced-order aeroservoelastic plant model suitable for transonic flow. The static output feedback method is also used to design a MIMO control law. The effectiveness of the proposed method to design the MIMO active aeroelastic control law is demonstrated by the Golandþ wing model with four control surfaces. The simulation results show that the MIMO active control law suppresses the transonic unstable aeroelastic responses of the Goland wing successfully with good control performance.
Introduction
The tendency to reduce the weight of aircraft using lightweight composite materials extensively increases the possibility of flutter occurrence in modern aircraft. In recent years, much attention has been paid to active aeroelastic control of flexible aircraft with multiple aerodynamic control surfaces. The application of multiple control surfaces can reduce aerodynamic drag forces, increase flight safety and comfort, as well as improve aeroelastic control performance. 1, 2) The Active Aeroelastic Wing (AAW) program presented by NASA 3, 4) and the European Active Aeroelastic Aircraft Structures (3AS) wing program conducted by the EU [5] [6] [7] [8] are major examples in which multiple control surfaces were used to actively improve wing responses and aircraft maneuverability.
Different kinds of control theories have been applied to design active aeroelastic control laws for aeroelastic wing section models with single or multiple control surfaces. Most of these cases only concentrated on subsonic and supersonic flow regimes, in which the low-fidelity linear aerodynamic models were used to construct the control plant models; e.g., the Theodorsen quasi-steady aerodynamic model, [9] [10] [11] [12] the lift surface theory and the doublet-lattice method. 2, [6] [7] [8] However, these low-fidelity linear aerodynamic models cannot capture the dominant nonlinear unsteady aerodynamic behaviors (i.e., shock movement and flow separation) accurately in transonic flow, which have significant effects on nonlinear aeroelastic responses. 13, 14) Thus, high-fidelity unsteady aerodynamic models with low order are required for active aeroelastic law design in transonic flow.
With the rapid development of high-fidelity physicsbased computational fluid dynamics/computational structural dynamics (CFD/CSD) coupled solvers, nonlinear aeroelastic responses of wing structures can be accurately predicted. However, the multi-step time-domain calculations required to search flutter envelope are computationally expensive, and the order of the CFD model is too large for control law design. To reduce the intensive computational cost, a novel conception called the reduced order model (ROM) has been proposed in recent years. [13] [14] [15] Using a simple low-order mathematical representative model constructed from the full-order discrete flow equation, ROMs seek to capture the dominant nonlinear behaviors of aeroelastic systems. Different approaches for constructing ROMs of unsteady flows have been proposed, such as the system identification-based models, e.g., Volterra/ROM 16) and SVM/ROM, 17) flow eigenmode-based models, e.g., harmonic balance method and proper orthogonal decomposition method, 18, 19) and the nonlinear dynamic theory based models. 20, 21) These ROMs have been used to predict nonlinear transonic aeroelastic responses successfully; i.e., flutter, gust response and limit cycle oscillations. [13] [14] [15] [16] [17] [18] [19] [20] [21] We have proposed several single-input single-out (SISO) active aeroelastic control law designs based on the Volterra/ ROM and the POD/ROM, which were demonstrated by the cases of 2-DOF airfoil, AGARD 445.6 wing, and Golandþ wing models with only one control surface. [21] [22] [23] [24] [25] However, in transonic flow, with a SISO control law it is usually difficult for a single control surface to suppress all the nonlinear aeroelastic modal responses simultaneously with the same control performances. This is the reason there are high expectation for MIMO active aeroelastic control laws with multiple control surfaces. Although MIMO active aeroelastic control laws based on the low-fidelity aerodynamic model have been intensively investigated in subsonic and Ó 2013 The Japan Society for Aeronautical and Space Sciences supersonic flow regimes, 26) methods for designing the MIMO aeroelastic control law based on high-fidelity aerodynamic models, which is suitable for transonic flutter suppression, are still scarce. In this paper, based on the Volterra/ROM, we propose a new general MIMO active transonic nonlinear aeroelastic control law design method, which is demonstrated by a flexible wing model with four control surfaces.
2. Volterra Series-Based ROM
Volterra series
The Volterra theory represents the input-output relationship of a nonlinear time-invariant system. For a nonlinear system, the response y½n to the arbitrary input signal u½n is predicted by multi-dimensional convolution integrals
where n is the discrete-time variable, h 0 is the steady state response and h m ðn À k 1 ; n À k 2 ; Á Á Á ; n À k m Þ is the Volterra kernel. It was Silva who first used the Volterra series to construct aerodynamic ROMs. 27) For flutter prediction, the transonic unsteady aerodynamic forces are predicted with sufficient accuracy using the first-order kernels. 16, 22, 27, 28) Defining the unit step input signal
and federating the input into unsteady CFD solvers, the unit step output response sðnÞ can be calculated. Thus, the firstorder Volterra kernels are identified as
Substituting Eq. (3) into Eq. (1) and retaining the first-order terms, the system response to arbitrary input is obtained as follows.
Without integrals in Eq. (4), it is very suitable for flutter prediction in time-domain calculation. However, it is not convenient for control law design because in such applications a state space-model is required. To obtain the discrete unsteady aerodynamic state-space equation, the eigensystem realization algorithm (ERA) is applied to Eq. (4).
28)
Thus
where x A ½n is the state variables relating to unsteady aerodynamic forces, $½n is the general structural displacement, F A ½n is the general aerodynamic force (GAF), and A A , B A , C A and D A are the control matrix, input matrix, output matrix and feedforward matrix, respectively.
Kernels identification for Golandþ wing
The Golandþ wing model, developed as a transonic flutter wind-tunnel test case by Eastep and Olsen, 29) which have been widely used to validate different aeroelastic solvers 14, 30) and active aeroelastic control laws. [21] [22] [23] [24] In order to demonstrate the active aeroelastic control concept with multiple control surfaces, the Golandþ wing model is modified slightly by adding four control surfaces at the leadingedge and trailing-edge. Figure 1 shows the modified Golandþ wing with four control surfaces. These control surfaces (i.e., REO, REI, LEO and LEI) are the same size with length of 1.12 m and width of 0.43 m.
The Volterra/ROM for unsteady flow is constructed at Mach ¼ 0:92, dynamic pressure 20,485 Pa and zero angle of attack. The GAFs are calculated with the time step of 0.0001 s by an in-house CFD/CSD coupled solver which has been validated by many cases including the Golandþ wing. [21] [22] [23] [24] In the calculations, step inputs with amplitude of 0.0175 and 0.00175 are given to each structural mode displacement and the control surface, respectively. Totally, there are 32 GAFs obtained for the four structural modes and four control surfaces. Figures 2 and 3 present four GAFs related to the second structural mode and four GAFs related to LEO, respectively. It can be seen that these GAFs reach steady values very quickly. This indicates that the first several hundred of response samples are accurate enough to identify the first-order Volterra kernels; i.e., the first 300 time steps. 
Aeroelastic Control Law Design Method

Aeroservoelastic state-space equation
The structural dynamic equation is
where $ is the structural displacement, C s is the structural damping, K s is the structural stiffness, F A and F are the external aerodynamic forces acting on the main structures and control surfaces, and q is dynamic pressure. Letting (6) 
where
Equation (7) is then transformed into a discrete state-space equation.
Combining Eq. (8) with Eq. (5), the discrete state-space aeroelastic equation is obtained as follows.
It is rewritten as the following aeroelastic equation.
F can be calculated from the following ERA/ROM:
Substituting Eq. (11) into the aeroelastic Eq. (12), the aeroservoelastic state-space equation is obtained as follows.
The input is the deflection of control surfaces, and the output y is the structural displacement and velocity. The objective of the active aeroelastic control is to find an MIMO control law ¼ f ðx; yÞ to stabilize the unstable aeroelastic system.
Aeroelastic model evaluation for Golandþ wing
The discrete aeroelastic state-space equation is constructed from the step GAFs by the ERA method with ¼ 300 and ¼ 25. Before it is used to design a control law, the accuracy of the 300-order aeroelastic ROM should Step GAFs related to the second structural mode. 
Optimal static output feedback control law design
In practical active aeroelastic control problems, the states related to nonlinear aerodynamics cannot be directly measured by sensors. Here the static output feedback (SOF) is applied to design MIMO control law. An optimal SOF controller aims to find constant feedback gains to optimize the given performance index. Given an nth-order linear time invariant (LTI) stabilizable system 31, 32) 
where x are the system states, A is the system dynamics matrix, u are the actuator commands, B is the control matrix, y are the outputs and C is the output matrix. Assuming the constant gain output feedback
the feedback gain K can be determined by minimizing the quadratic performance
where Q and R are pre-selected positive matrices. The solution to the above optimization problem is
The unknown matrices P, S and K can be calculated by many iterative algorithms; i.e., Newton-Raphson's method and the BFGS method.
31)
4. Simulation and Results
MIMO active control law design and evaluation
The configuration of a SOF controller is dependent on the selection of the outputs because the structural mode velocity can be easily identified from the outputs of the sensors directly. Thus, the MIMO SOF control law is selected as
The aeroelastic responses of Golandþ wing are dominated by the torsion and bending deformations, and the structural displacements of mode 1 and mode 2 are larger than other modes. 21, 22, 30) Thus, only with the outputs of the first two structural modes, the 4 Â 4 SOF controller can be simplified to a lower-order controller (2 Â 4) such as
Then, MATLAB/SIMULINK is used to calculate the optimal constant control gain. Finally the K ¼ ½À0:01; 0:015; À0:0012; 0:01; À0:0105; 0:018; À0:001; 0:012 is determined according to the SOF algorithm. To evaluate the designed SOF controller, the MATLAB/SIMULINK (representative of the Volterra/ROM) and the CFD/CSD coupled solver are both used to calculate the transonic aeroelastic responses with the time step of 0.001 s by giving 0.1 to the send structural mode velocity.
The predicted aeroelastic responses of the first four structural modes in dynamic pressure 20,485 Pa were presented in Fig. 5 . At the beginning, the system responses become large rapidly. However, once the controller starts at the 1,000th time step, the unstable responses (i.e., mode 1 and mode 2) are suppressed in the first 3,000 time steps quickly within 2 s. Figure 6 shows the first 3,000 time-step control commands of the four control surfaces predicted by the full-order CFD/CSD solver and the ROM. The largest deflection of the control surfaces is 0.032, which decreases very quickly to no more than 0.005 in 50 time steps. Such small active aeroelastic commands will only cause small perturbations in the flight controller. The agreements of the aeroelastic responses and control commands predicted by the full-order CFD/CSD coupled solver and the 50-order Volterra/ROM validate the capability of the constructed aeroelastic ROM again.
In order to further evaluate the effectiveness of the active controller, several other cases were simulated at different dynamic pressures (i.e., 16,000, 18,000 and 21,000 Pa) and different start time of the controller (i.e., the 5th, 10th, 300th and 500th time step). The unstable systems can also be stabilized successfully with good control performance. The responses of these cases predicted by the full-order and reduced-order models also agree well.
Comparison with single control surface
Different SISO active aeroelastic controllers using one control flap have been investigated to suppress the unstable aeroelastic responses of the Golandþ wing model. [21] [22] [23] [24] It is not easy for one control surface to suppress all the structural responses simultaneously with the same control performance. Thus, the usage of multiple control surfaces becomes a promising solution to this problem. An active aeroelastic controller for the Golandþ wing model with one single control surface located in the trailing-edge is designed based on the Volterra/ROM. The control gain is selected as K ¼ ½À0:002; 0:015½ _ $ $ 1 ; _ $ $ 2 T . Figure 7 shows the comparison of the structural responses of the first two modes with the SISO and MIMO controllers, where the initial condition is the same as that in Fig. 5 . For the SISO controller, the suppression of the first structural mode is much slower than the second mode. It indicates that the single control surface based controller cannot produce the same aerodynamic dissipation for all of the structural modes simultaneously. However, the MIMO controller is more flexible than a SISO controller, which can suppress all of the aeroelastic responses with nearly the same performance. Another comparison is presented in Fig. 8 where the dynamic pressure is 18,000 Pa, the start time of the controller is the 300th step, and the initial structural displacement of the send mode is 0.1. The MIMO controller can suppress all of the structural response very quickly, while the suppression of the first mode and send mode with the SISO controller is very slow. It also can be concluded from Fig. 8 that the control performance of the multiple-control-surfaces-based MIMO controller is better than the single-control-surface-based SISO controller.
On the other hand, the additional aerodynamic perturbation generated by the deflection of the control surfaces increases the complexity of the interactions between the active control and flight control systems. Thus, in the view of flight control, small perturbations in the rigid aerodynamic control forces are preferred. The commands of the control surfaces are presented in Fig. 9 . All the movements of the control surfaces are small. The comparison among the unsteady 
. Structural uncertainty
Robustness is very important to controllers because it is impossible to construct an absolutely accurate plant model without any uncertainty. Sometimes the structural properties of wings may change during flight; e.g., the separation of the wing-tip store and the consumption of fuels. Thus, robustness evaluation of the designed MIMO active controller is necessary. Here the structural mass is permitted to be changed by AE15%. The decrease of the structural stiffness enlarges the aeroelastic responses so that the structural stiffness can be reduced by 15%. Then the aeroelastic responses of the modified structure model are calculated by the CFD/ CSD coupled solver, in which the MIMO active controller starts from the 1,000th time step at Mach ¼ 0:92. Figures 11-13 show the aeroelastic responses and control commands predicted by the CFD/CSD couple solver, including the changes of the structural mass and stiffness, respectively. It can be seen that the variations of the structural property have significant impact on the transonic aeroelastic behaviors. The decreases of the structural mass and stiffness enlarge the amplitude of the first mode, which is very dangerous for flexible aircrafts. Fortunately, all of the amplified unstable aeroelastic responses can still be quickly suppressed successfully with small deflections of multiple control surfaces. The simulation results indicate that the MIMO active controller is robust against the uncertainty of structural mass and stiffness.
Effects of time delay
Usually practical mechanical and electronic devices have some time delay to some extent, especially the actuators. Time delay is one of the dominant factors which may seriously reduce the performance of control systems. In order to evaluate the effects of the time delay on the active controller, the ideal control commands predicted by the control law are delayed by several time steps; i.e., 5, 10 and 15. The time steps used in the simulation is 0.001 s. Thus, the time delays are 5, 10 and 15 ms, respectively. Then the delayed commands are given to control surfaces in the CFD/CSD coupled simulations to evaluate the effects of the different time delays. Figure 14 shows the aeroelastic responses of the first four structural modes of the Golandþ wing in different timedelay cases. With the increase of the time delay, the amplitudes of the structural responses increase. In these cases, the time delay has very small effects on the first and second structural mode. However, the largest time delay of 15 ms obviously deteriorates the control performance of the third and fourth structural modes. For the fourth mode, more than 20% of time steps are required to thoroughly suppress the response, while the performance is still better than the SISO controller. The frequencies of the first four structural modes of the Golandþ wing are 1.7051, 3.0516, 9.200 and 10.906 Hz, respectively. The related time periods are 586.5, 327.7, 108.7 and 91.7 ms. Further increasing the time delay (i.e., to 20 ms), the system can still be stabilized, but the high-frequency vibrations of the higher frequency structural modes (i.e., mode 4) occur. At the same time, the movement frequencies of the control surfaces become too high to be realized. It indicates that time delay has very significant effects on the control performance of those structural modes whose periods are close to the time delay. However, the designed MIMO aeroelastic controller based on the high-fidelity Volterra/ROM has enough robustness against time delay smaller than 15 ms.
Conclusion
A high-fidelity reduced-order-model-based MIMO active aeroelastic control design method for multiple control surfaces was investigated. The MIMO SOF active controller can successfully stabilize the unstable aeroelastic systems in transonic flow regime with good performance, which is difficult for the traditional low-fidelity based models. The demonstration of the Golandþ wing model indicated that the multiple-control-surfaces method obtained better control performance for all the structural modes simultaneously than the single-control-surface. The usage of the aeroelastic control with multiple control surfaces made it possible to accurately control the structural shape of flexible wings.
As one of the main challenges for flexible aircraft design and control, the integration of MIMO active aeroelastic controllers with flight control systems will be investigated further.
